
���������	��

��
��	
���������
��

������� � !#"%$�� &('("%!#�*)+�#�,�-� ./�-&(0213!#�54��-6/�-$7"�83� � .9$-1:$�./;��
< � .>=��-&('?.9!�1:!@!#�*AB1:��CD1:E &(.21
FHG !#�I'(�-J�CK./�-83E &	�L!#� F-M,M,M

NPORQ-S(T
x[n] UWV TYXZS	[ U S V [	\]T�[(T U X+T_^:`W\aXZ[	bZSdceTY`WS�^]Tgf U S�X+T_h,S	ikjPXlf U S_m�noT_b+T n ≥ −1

m7XZS�T?p U XqceTn,S	bqr/S	[dceT_ikS V c+S�n,jPb UWV n,jP^a\ V jPik\aj�S V n
`WS�XZS	s UWV `WjtjPbZ`WS V O,Q-\�XZS�[	j V j-[	S�f U S x[0] = 1 u

x[1] = 4
moXZSvnW\a`WS_w

x-y{z hHc+S V S	b|^]T}S�~HnWbZS	XZ\a� V `WS�`W\a[e�Wj�n,jP^a\ V jPik\aj u [(T_^a[ U ^]T_bB��XZ\YS	X|n,jPXZ\ahW^aS_��S V [(T_XZj
[	j V c+b+T_bZ\ajWm7p U Xqc+\��o[(T_bg^]TtbZS	XZn U S	XqceT?��^ajPX��_T_^ajPbZS	Xg`WS

x[n]
noT_b+T

n = −2
m
n = 1/2 u

n = 2
O������,�-�o���?���

�-ORQ U n,j V s7T_ikjPX�`WjPX�XZS	[ U S V [	\]T_X x[n]
S

y[n]
`WSd� V \a`oT_X�ikS	`W\]T V c+Sk^]T_X�XZ\as U \aS V c+S	X�bZS	^]T_[	\aj V S	X`WSvbZS	[ U bZbZS V [	\]T

x[n] =



















0, n < 0,

1, n = 0,

0, n = 1,

2y[n− 1] + x[n− 2], n ≥ 2.

, y[n] =



















0, n < 0,

1, n = 1,

0, n = 0,

x[n− 1] + y[n− 2], n ≥ 2.

.

x-y{� T_^a[ U ^]T_bv^]T�c+b+T V Xqr/jPbZitT_`oT z
`WS

x[n] u `WS y[n]
O#��S	nWbZS	XZS V ceT_b�X U noTDc+bZj V S	X�`WStn,jD�^ajPX u [	S	bZjPX u ^]T_XvbZS	sP\aj V S	X�`WSt[	j V �PS	bZsPS V [	\]T}�/b+T_�	j V T V `Wj|XZ\�S	^�jPbZ\asPS V�u S	^�\ V � V \�c+jn,S	bqc+S V S	[	S V j V jtT�`W\a[e�oT_X�bZS	sP\aj V S	X y O2�����,�-�o���?���  y¢¡ S	` U [	\ab UWV TgS�~HnWbZS	XZ\a� V S�~HnW^a£a[	\�ceT���f U S V jYXZS(T UWV TYbZS	^]T_[	\a� V `WS¤bZS	[ U bZbZS V [	\]T?�¥noT_b+T

[(T_`oT UWV TB`WSv^]T_X¤XZS	[ U S V [	\]T_X x[n]
S

y[n]
O2�����,�-�o���?���

¦HO¨§�T�XZS	©oT_^�[	j V c+\ V�U T x̃(t)
S	XqceªB`WSd� V \a`oT�S V S	^�\ V c+S	bq�_T_^aj [0 : 4]

[	jPikj

x̃(t) =











0, 0 ≤ t < 1,

− cos πt/2, 1 ≤ t < 3,

0, 3 ≤ t < 4.

« noT_bqc+\ab�`WS�¬	XqceTHm,XZS�`WSd� V S�^]T�r UWV [	\a� V x(t)
[	jPikj UWV TkS�~-c+S V XZ\a� V n,S	bZ\a�-`W\a[(T�`WS x̃(t)

O,§�T
r/jPbZitT�`WSt[	j V Xqc+b U \ab x(t)

S	X�\abv[	jP^aj-[(T V `Wj|[	jPnW\]T_X�X U [	S	XZ\��_T_X�\a`W¬ V c+\a[(T_Xv`WS x̃(t)
`WSBr/jPbZitT

T_` u T_[	S V c+S_m:jPhHc+S V \a¬ V `WjPXZS UWV T�r UWV [	\a� V n,S	bZ\a�-`W\a[(T�`WSvn,S	bZ\aj-`Wj 4
O



� jPb�j_c+bZjB^]T_`WjWmHXZSv`WSd� V S�^]T�r UWV [	\a� V

ỹ(t) =

{

x̃(t), t > 0,

−x̃(−t), t < 0,

T�noT_bqc+\abl`WSg^]Tv[ U T_^�XZS�[	j V Xqc+b UHu SY^]Tvr UWV [	\a� V y(t)
[	jPikj UWV T�S�~-c+S V XZ\a� V n,S	bZ\a�-`W\a[(Tv`WS ỹ(t)

m
f U SgXZSgjPhHc+\aS V S_m-T V ª_^ajPs7T_ikS V c+S�T_^,[(T_XZj�T V c+S	bZ\ajPb	m�[	jP^aj-[(T V `Wj�[	jPnW\]T_X X U [	S	XZ\��_T_X¤T_` u T_[	S V c+S	X`WS

ỹ(t)
mojPhHc+S V \a¬ V `WjPXZS UWV T�r UWV [	\a� V n,S	bZ\a�-`W\a[(T�`WSvn,S	bZ\aj-`Wj 8

O
��S	nWbZS	XZS V ceT_b�sPb+ªD�o[(T_ikS V c+S x(t)

S
y(t) u w��

x-y{� T_^a[ U ^]T_b�S	^o`WS	X+T_bZbZjP^a^ajYS V XZS	bZ\aS�`WS��oj U bZ\aS	b�`WS�^]T�r UWV [	\a� V n,S	bZ\a�-`W\a[(T x(t)
O������,�-�o���?���

  y{� T_^a[ U ^]T_b�S	^o`WS	X+T_bZbZjP^a^ajYS V XZS	bZ\aS�`WS��oj U bZ\aS	b�`WS�^]Tgr UWV [	\a� V n,S	bZ\a�-`W\a[(T y(t)
O������,�-�o���?���

���
	��
	�����	�����������	

∫

cos px cos qx dx =
sen(p− q)x

2(p− q)
+

sen(p + q)x

2(p + q)
, ��� p 6= q,

∫

cos2 px dx =
x

2
+

sen 2px

4p
,

�
∫

sen px cos qx dx =
cos(p− q)x

2(q − p)
− cos(p + q)x

2(p + q)
, ��� p 6= q

∫

sen px cos px dx =
sen2 px

2p
,
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N&%�`WSvXZS	nHc+\aS	i�hWbZSY`WSBN(')')'
Q-S	s UWV `Wjk[ U bZXZjk`WS�* V sPS V \aS	bZ£]T�`WS�+#S	^aS	[	jPi UWV \a[(T_[	\a� V,.-0/21435/7698;:=<

NPO¨§�T�XZS	[ U S V [	\]T x[n]
XZS T?p U XqceT|S�~WT_[dceT_ikS V c+Skn,jPb UWV n,jP^a\ V jPik\aj `WSk^]T�r/jPbZitT x[n] = a +

bn + cn2
O � T_b+T�`WSdc+S	bZik\ V T_b�^ajPX�c+bZS	X¤[	j-Sd�o[	\aS V c+S	X	m:S	X V S	[	S	X+T_bZ\ajk[	j V j-[	S	b¤^ajPX��_T_^ajPbZS	X�`WSv^]TXZS	[ U S V [	\]TBS V c+bZS	X�n UWV c+jPX	O

� U S	Xqc+j}f U SI^]T*XZS	[ U S V [	\]T x[n]
S	X [(T U X+T_^2m�XZSL�PS	bZ\��o[(T f U S x[n] = 0

noT_b+T
n < 0

O
> VnoT_bqc+\a[ U ^]T_b	m x[−1] = 0
O � jPbtceT V c+jWm�[	jPikj3[	j V j-[	S	ikjPX ^ajPXB�_T_^ajPbZS	XtnoT_b+T n = −1, 0, 1

O
+#S V `WbZS	ikjPX

x[−1]= 0 = a− b + c,

x[0] = 1 = a,

x[1] = 4 = a + b + c,

`WSv`Wj V `WSvjPhHc+S V S	ikjPX a = 1
m
b = 2 u c = 1

�W[	j V ^aj�f U S x[n] = 1 + 2n + n2 = (n + 1)2
O

� jPikj�^]T�XZS	[ U S V [	\]T�S	X�[(T U X+T_^2m S	^��_T_^ajPbgn,S	`W\a`Wj�noT_b+T n = −2
S	X

x[−2] = 0
O � T_b+T

n =
1/2 V j*n U S	`WSL[(T_^a[ U ^]T_bZXZS V T_`oTHm�n U S	Xqc+j3f U S|XZS�c+b+TDceT�`WS UWV T*XZS	[ U S V [	\]T*`W\aXZ[	bZSdceTHm�f U S
V j3S	Xqceª `WSd� V \a`oT*noT_b+T��_T_^ajPbZS	X V j S V c+S	bZjPX `WS	^�T_bZs U ikS V c+jWO � jPb@?W^�c+\aikjWm�noT_b+T n = 2

m
x[2] = (2 + 1)2 = 9

O
�-O¨§�T�c+b+T V Xqr/jPbZitT_`oT z

`WS UWV T�XZS	[ U S V [	\]T x[n]
S	XqceªB`WSd� V \a`oTB[	jPikj

X(z) =
∞
∑

n=−∞

x[n]z−n.

>�^�ik¬dc+j-`Wj sPS V S	b+T_^�noT_b+T3[(T_^a[ U ^]T_bk^]T*c+b+T V Xqr/jPbZitT_`oT z
`WS5S	Xqc+S5c+\an,j3`WS5XZS	[ U S V [	\]T_Xk�T V ª_^ajPsPjtT_^#nWbZj-[	S	`W\aik\aS V c+j U c+\a^a\a�(T_`WjBnoT_b+Tt[(T_^a[ U ^]T_b�^]TBr UWV [	\a� V sPS V S	b+TDc+bZ\a�e� V S	[	S	XZ\�ceTtS VnWbZ\aikS	b�^ U s7T_b UWV T5S�~HnWbZS	XZ\a� V `WS

x[n]
� u j_c+b+TLnoT_b+T y[n]

� [	jPikj UWV TLbZS	^]T_[	\a� V `WS bZS��[ U bZbZS V [	\]T%f U S*XZS(T%�_ª_^a\a`oT noT_b+T}c+j-`WjPX�^ajPX��_T_^ajPbZS	X�`WS
n
��[	j V ^]T}X U n,jPXZ\a[	\a� V `WS*f U S

x[n] = 0
noT_b+T

n < 0
� O

� T_b+T�^]T�nWbZ\aikS	b+TI`WS|^]T_XBXZS	[ U S V [	\]T_X	m�^]TIbZS	^]T_[	\a� V `WS|bZS	[ U bZbZS V [	\]T V jPXknWbZjPn,jPbZ[	\aj V T UWV TS�~HnWbZS	XZ\a� V �_ª_^a\a`oT�noT_b+T n ≥ 2

x[n] = 2y[n− 1] + x[n− 2].

Q-\YT_nW^a\a[(ª_XZS	ikjPXkS	XqceT}S	[ U T_[	\a� V T ^ajPX [(T_XZjPX
n = 0 u n = 1

c+S V `WbZ£]T_ikjPX x[0] = 0 u
x[1] = 0

mof U S V jk[	jP\ V [	\a`WS V [	j V ^]T�`WSd� V \a[	\a� V `WS x[n]
O � jPb�ceT V c+jWmo�oT u f U S�T_©oT_`W\ab¤S	Xqc+jPX[(T_XZjPX�S	XZn,S	[	\]T_^aS	X�T�^]T�S�~HnWbZS	XZ\a� V `WSvbZS	[ U bZbZS V [	\]TH�oS V|V�U S	Xqc+bZjk[(T_XZjBc+S V `WbZS	ikjPX

x[n] = 2y[n− 1] + x[n− 2] + δ[n],



[	j V ^]T�X U n,jPXZ\a[	\a� V \aiknW^a£a[	\�ceTv`WSvf U S x[n] = 0
noT_b+T

n < 0
�WjBhW\aS V

x[n] = 2y[n− 1]u[n] + x[n− 2]u[n] + δ[n],

XZ\ V�V S	[	S	XZ\a`oT_`L`WSvS	XqceTBX U n,jPXZ\a[	\a� V O« V ª_^ajPs7T_ikS V c+S_m�XZ\�T_nW^a\a[(T_ikjPXv^]T|S	[ U T_[	\a� V `WS bZS	[ U bZbZS V [	\]TL`WS ^]TLXZS	[ U S V [	\]T y[n]
m��_ª_^a\a`oT

noT_b+T
n ≥ 2

m
y[n] = x[n− 1] + y[n− 2]T%^ajPX�[(T_XZjPX

n = 0 u n = 1
c+S V `WbZ£]T_ikjPX y[0] = 0

S
y[1] = 1

m¤f U S3[	jPbZbZS	XZn,j V `WS V[	j V ^]TB`WSd� V \a[	\a� V nWbZjPn,jPbZ[	\aj V T_`oTHmon,jPb�^ajkf U S�S	XqceTtS	[ U T_[	\a� V `WS�bZS	[ U bZbZS V [	\]TtS	X��_ª_^a\a`oT�XZ\X U n,j V S	ikjPX�f U S y[n] = 0
noT_b+T

n < 0
O « ^�c+S	b V TDc+\��_T_ikS V c+S_mHn,j-`WS	ikjPX¤n,j V S	b

y[n] = x[n− 1]u[n] + y[n− 2]u[n].

Q-\li U ^�c+\anW^a\a[(T_ikjPXgS	XqceT_X�XZS	[ U S V [	\]T_X�n,jPb zn u X U itT_ikjPX�noT_b+T�c+j-`Wj n
jPhHc+S V `WbZS	ikjPX�S�~��nWbZS	XZ\aj V S	X¤f U SvbZS	^]T_[	\aj V T V X U X¤c+b+T V Xqr/jPbZitT_`oT_X z

O � jPikj�^]T_X�`WjPX¤XZS	[ U S V [	\]T_X�XZj V [(T U X+T_^aS	X	mc+S V `WbZS	ikjPX
X(z) =

∞
∑

n=−∞

x[n]z−n =
∑

n≥0

x[n]z−n

u�UWV T�S�~HnWbZS	XZ\a� V T V ª_^ajPs7T�noT_b+T Y (z)
O � jPb¤ceT V c+jWm

X(z) = 2
∑

n≥0

y[n− 1]z−n +
∑

n≥0

x[n− 2]z−n + 1,
� N y

Y (z) =
∑

n≥0

x[n− 1]z−n +
∑

n≥0

y[n− 2]z−n.
�2� y

Q-\�T_nW^a\a[(T_ikjPX ^]T¤nWbZjPnW\aS	`oT_`v`WS�`WS	XZnW^]T_�(T_ik\aS V c+jWm(jPhHc+S V S	ikjPX UWV XZ\aXqc+S	itT¤`WS�`WjPX�S	[ U T_[	\aj V S	Xr UWV [	\aj V T_^aS	X¤[	j V `WjPX�\ V [	�Ps V \�ceT_X
X(z) = 2z−1Y (z) + z−2X(z) + 1,

Y (z) = z−1X(z) + z−2Y (z).

� T_b+T�bZS	XZjP^��PS	b�S	Xqc+SvXZ\aXqc+S	itTHmW`WS	XZn,S�p+T_ikjPX
X(z)

`WSv^]T�nWbZ\aikS	b+T�S	[ U T_[	\a� V noT_b+T�jPhHc+S V S	b

X(z) =
2z−1Y (z) + 1

1− z−2
,

�9¦ y
u X U Xqc+\�c U \aikjPXv�9¦ y S V ^]T�XZS	s UWV `oTHmo[	j V ^aj�f U S

Y (z)(1− z−2) =
2z−2Y (z) + z−1

1− z−2
.

Q-\�T_sPb U noT_ikjPX¤T_�WjPb+T�c+¬	bZik\ V jPX¤S V Y (z)
mWc+S V `WbZS	ikjPX

Y (z)(1− z−2)2 = 2z−2Y (z) + z−1,



Y (z)(1 + z−4 − 4z−2) = z−1;[	j V ^aj�f U S�jPhHc+S V S	ikjPX¤^]T�XZ\as U \aS V c+SYS�~HnWbZS	XZ\a� V b+T_[	\aj V T_^:��S V z−1
� noT_b+T

Y (z)

Y (z) =
z−1

1− 4z−2 + z−4
.

Q-\�X U Xqc+\�c U \aikjPX�S	XqceTBS�~HnWbZS	XZ\a� V S V �9¦ y jPhHc+S V S	ikjPX UWV TBS�~HnWbZS	XZ\a� V b+T_[	\aj V T_^ noT_b+T X(z)

X(z) =
1 +

2z−2

1− 4z−2 − z−4

1− z−2
=

1 + 2z−2 + z−4

(1− z−2)(1− 4z−2 + z−4)
=

1− z−2

1− 4z−2 + z−4

� T_b+TI[(T_^a[ U ^]T_b�^ajPX�n,jP^ajPX u [	S	bZjPX	m�`WS	h,S	ikjPX�S�~HnWbZS	X+T_b X(z)
S

Y (z)
[	jPikjI[	j-[	\aS V c+S	X�`WSn,jP^a\ V jPik\ajPX�S V z

��S V ^ U s7T_b�`WSvS V z−1
�

X(z) =
z2(z2 − 1)

1− 4z2 + z4
,

Y (z) =
z3

1− 4z2 + z4
.

� jPb�^aj�ceT V c+jWm X(z)
nWbZS	XZS V ceT UWV [	S	bZjt`WjPhW^aSvS V z = 0 u `WjPX�[	S	bZjPX�XZS V [	\a^a^ajPX�S V z = ±1

m
ik\aS V c+b+T_X f U S Y (z)

nWbZS	XZS V ceT UWV [	S	bZj�c+bZ\anW^aS�S V S	^�jPbZ\asPS V O9> V [ U T V c+jBT�^ajPX n,jP^ajPX	m-T_i�hoT_Xr UWV [	\aj V S	X¤c+\aS V S V ^ajPX¤ik\aXZikjPX�[ U TDc+bZjBn,jP^ajPX	mWf U S�XZj V ^]T_X¤XZjP^ U [	\aj V S	X¤`WS	^�n,jP^a\ V jPik\aj
z4 − 4z2 + 1 = 0.

� T_b+T�[(T_^a[ U ^]T_b¤^]T_X�b+T_£a[	S	X	mon,j-`WS	ikjPX¤�oT_[	S	b z2 = x u bZS	XZjP^��PS	b

x2 − 4x + 1 = 0,−→ x =
4±
√

16− 4

2
= 2±

√
3.

� jPb�^aj�ceT V c+jWm-^ajPX [ U TDc+bZj�n,jP^ajPX�XZSgS V [ U S V c+b+T V S V z = ±
√

2±
√

3
O � jPikj�^]T_X�XZS	[ U S V [	\]T_XXZj V `WS	bZS	[e�oT_X	mH^]TYbZS	sP\a� V `WS�[	j V �PS	bZsPS V [	\]T�S	X�S	^,S�~-c+S	bZ\ajPbl`WS	^:[	£abZ[ U ^aj�`WS�b+T_`W\aj √2 +

√
3 ≈

1,93
O

��� 8�� -08����#6 87< 1 1�6	� -#6	
�� /7< 1
x[n]

6
y[n]§�T�r/jPbZitT�itª_X�r9ª_[	\a^ `WS�T_h,jPbZ`oT_b¤S	^�nWbZjPhW^aS	itT�S	X�`oT_bZXZS�[ U S V ceTk`WSvf U SvceT V c+j X(z)

[	jPikj
Y (z)

n U S	`WS V S�~HnWbZS	X+T_bZXZS�S V c+¬	bZik\ V jPX�`WSvj_c+b+T_X¤r UWV [	\aj V S	X�itª_X¤XZS V [	\a^a^]T_X	O > V noT_bqc+\a[ U ^]T_b	mn,j-`WS	ikjPX¤n,j V S	b
X(z) = (1− z−2)V (z),

Y (z) = z−1V (z),

`Wj V `WS
V (z) =

1

1− 4z−2 + z−4
.



Q-\ U c+\a^a\a�(T_ikjPX ^]TgnWbZjPnW\aS	`oT_`B`WS�`WS	XZnW^]T_�(T_ik\aS V c+jgc+S	ikn,jPb+T_^W`WS�^]Tgc+b+T V Xqr/jPbZitT_`oT z
m�f U S V jPX`W\a[	SYf U S�XZ\ c+S V S	ikjPX�S	^�noT_b�c+b+T V Xqr/jPbZitT_`Wj

v[n]
Z←→ V (z),

S V c+j V [	S	X�^ajPX¤XZ\as U \aS V c+S	X¤ceT_i�hW\a¬ V XZj V noT_bZS	X¤c+b+T V Xqr/jPbZitT_`WjPX
v[n− 1]

Z←→ z−1V (z),

v[n− 2]
Z←→ z−2V (z),

n,j-`WbZS	ikjPX�jPhHc+S V S	b¤^]T�XZ\as U \aS V c+SYbZS	^]T_[	\a� V S V c+bZSY^]T_X�XZS	[ U S V [	\]T_X x[n]
S

y[n] u ^]T�XZS	[ U S V [	\]T
v[n]

x[n] = v[n]− v[n− 2],

y[n] = v[n− 1].

« `WS	itª_X	m XZ\ V jPXg�Dp+T_ikjPXgS V V (z)
�PS	bZS	ikjPXvf U S�XZ�P^aj c+\aS V S�n,j_c+S V [	\]T_XYnoT_bZS	XY`WS z−1

m [	j V^ajBf U S�n,j-`WS	ikjPX�S�~HnWbZS	X+T_bZ^ajt[	jPikj UWV TBr UWV [	\a� V `WS z2
S V ^ U s7T_b¤`WS UWV TBr UWV [	\a� V `WS z

�:S	X
`WS	[	\ab	mWn,j-`WS	ikjPX¤n,j V S	b

V (z) = W (z2),`Wj V `WS
W (z) =

1

1− 4z−1 + z−2
.

��� y
� j V ^aj�f U Svc+S V `WbZS	ikjPX

X(z) = (1− z−2)W (z2),

Y (z) = z−1W (z2).

« �WjPb+THmDn,j-`WS	ikjPX�T_nWbZj?�PS	[e�oT_b�^]T�nWbZjPnW\aS	`oT_`�`WS�^]T�c+b+T V Xqr/jPbZitT_`oT z
bZS	^]TDc+\��_T�T�^]T�S�~HnoT V XZ\a� VS V S	^�`WjPik\ V \aj�`WS	^ c+\aS	ikn,jWmHf U S V jPX�`W\a[	Svf U SvXZ\ c+S V S	ikjPX�S	^�noT_b�c+b+T V Xqr/jPbZitT_`Wj

w[n]
Z←→W (z)

u `WSd� V \aikjPX UWV T�XZS	[ U S V [	\]T v[n]
T�noT_bqc+\ab�`WS

w[n]
[	jPikj��

v[n] =

{

w[n/2],
XZ\

n
S	X�noT_b

,

0,
XZ\

n
S	X�\aiknoT_b

,

S V c+j V [	S	X�c+S V S	ikjPX�S	^�XZ\as U \aS V c+SYnoT_b¤c+b+T V Xqr/jPbZitT_`Wj
v[n]

Z←→ V (z) = W (z2).
�����
	��
��� ��
 ��� ������� ��� � ���
��	�� � � 	�����	�� � � � v[n]

� 	�� � � ��������	
v[2n] = w[n] � v[2n + 1] = 0 
 � ��� ��� ��� ��� � 	��	����
	���	

n �



� jPb�^aj�ceT V c+jWmoS	^#? V \a[	jknWbZjPhW^aS	itT�f U S V jPX�f U S	`oTkS	X�`WSdc+S	bZik\ V T_b¤^]T�XZS	[ U S V [	\]T w[n]
[ UHu Tc+b+T V Xqr/jPbZitT_`oT z

S	X
W (z)

O Q-\�c+jPitT_ikjPX�^]TkS	[ U T_[	\a� V ��� y u ^]TkS�~HnoT V `W\aikjPX�S V r/b+T_[	[	\aj V S	XXZ\aiknW^aS	Xl� u TBX+T_h,S	ikjPX¤f U S�^]T_X¤b+T_£a[	S	X¤XZj V z = 2±
√

3
� c+S V `WbZS	ikjPX

W (z) =
1

(z−1 −
√

3− 2)(z−1 +
√

3− 2)
=

A

z−1 −
√

3− 2
+

B

z−1 +
√

3− 2
.

*�s U T_^]T V `Wj�^ajPX V�U ikS	b+T_`WjPbZS	X�`WSvS	XqceTBS	[ U T_[	\a� V mojPhHc+S V S	ikjPX�^]T�S�~HnWbZS	XZ\a� V
1 = (A + B)z−1 +

√
3(A− B)− 2(A + B),

`WS�`Wj V `WSg��[	jPiknoT_b+T V `Wjk^ajPX¤c+¬	bZik\ V jPX¤S V z−1
�{`WS	` U [	\aikjPX�\ V ikS	`W\]TDceT_ikS V c+SYf U S A =

−B
O,Q-\�bZS	XZjP^��PS	ikjPX�^]T�S	[ U T_[	\a� V bZS	XqceT V c+S�jPhHc+S V `WbZS	ikjPX

A =
1

2
√

3
, B = − 1

2
√

3
;

[	j V ^aj�f U S
W (z) =

1

2
√

3

(

1

z − (2 +
√

3)
− 1

z − (2−
√

3)

)

.

� jPikjBX+T_h,S	ikjPX¤f U S UWV T�S�~Hn,j V S V [	\]T_^�[	jPiknW^aS�p+T�c+\aS V SvS	^�noT_b�c+b+T V Xqr/jPbZitT_`Wj

anu[n]
Z←→ 1

1− az−1
,

n,j-`WS	ikjPX¤S�~HnWbZS	X+T_b
W (z)

[	jPikj

W (z) =
1

2
√

3











1

2−
√

3

1

1−
z−1

2−
√

3

− 1

2 +
√

3

1

1−
z−1

2 +
√

3











,

[	j V ^aj�f U S�^]T�XZS	[ U S V [	\]TkT_XZj-[	\]T_`oT�XZS	b+ª

w[n] =
1

2
√

3

(

1

2−
√

3

(

1

2−
√

3

)n

− 1

2 +
√

3

(

1

2 +
√

3

)n)

u[n]

=
1

2
√

3

(

(

1

2−
√

3

)n+1

−
(

1

2 +
√

3

)n+1
)

u[n]

=

√
3

6
((2 +

√
3)n+1 − (2−

√
3)n+1)u[n].

¦HO¨§�T�XZS	©oT_^
x(t)

S	X�^]T�r UWV [	\a� V n,S	bZ\a�-`W\a[(T

T = 4−4

x(t)

· · · · · ·



� jPikjBS	^�n,S	bZ\aj-`Wj�S	X T = 4
mW^]T�n U ^aX+T_[	\a� V r UWV `oT_ikS V ceT_^�S	X ω0 = 2π/T = π/2

O
� jPikjB^]T�r UWV [	\a� V S	X�noT_b	moX U `WS	X+T_bZbZjP^a^aj�S V XZS	bZ\aSv`WS �oj U bZ\aS	b�n U S	`WS�n,j V S	bZXZSv[	jPikj

x(t) = a0 + 2
∑

k>0

ak cos
kπt

2
,

`Wj V `WS ak =
1

T

∫

T

x(t) cos
kπt

2
dt.

� T_b+T�[(T_^a[ U ^]T_b¤^ajPX�[	j-Sd�o[	\aS V c+S	X	m:`WS	h,S�Sd�_T_^ U T_bZXZSY^]T�\ V c+S	sPb+T_^

ak = −1

4

∫

3

1

cos
πt

2
cos

kπt

2
dt,

f U S_m U c+\a^a\a�(T V `Wj�^]T�bZS	^]T_[	\a� V m
∫

cos px cos qx dx =
sen(p− q)x

2(p− q)
+

sen(p + q)x

2(p + q)
,

XZ\
p 6= q,

nWbZjPn,jPbZ[	\aj V T

ak =
1

2π(1− k2)

(

cos
πk

2
+ cos

3πk

2

)

,
noT_b+T

k 6= 1.

>�^�[(T_XZjknoT_bqc+\a[ U ^]T_b k = 1
n U S	`WS�[(T_^a[ U ^]T_bZXZSY[	jPikj

a1 = −1

4

∫

3

1

cos2
πt

2
dt = −1

4
.

§�T�XZS	©oT_^
y(t)

S	X�^]T�r UWV [	\a� V n,S	bZ\a�-`W\a[(T

T

2
= 4−T

2

y(t)

· · · · · ·

� jPikjBS	^�n,S	bZ\aj-`Wj�S	X T = 8
mW^]T�n U ^aX+T_[	\a� V r UWV `oT_ikS V ceT_^�S	X ω0 = 2π/T = π/4

O
� jPikjB^]T�r UWV [	\a� V S	X�\aiknoT_b	mHX U `WS	X+T_bZbZjP^a^aj�S V XZS	bZ\aSv`WS �oj U bZ\aS	b�n U S	`WS�n,j V S	bZXZSv[	jPikj

x(t) = 2
∑

k>0

ak sen
kπt

4
,

`Wj V `WS ak =
1

T

∫

T

x(t) sen
kπt

4
dt.

� T_b+T�[(T_^a[ U ^]T_b¤^ajPX�[	j-Sd�o[	\aS V c+S	X	m:`WS	h,S�Sd�_T_^ U T_bZXZSY^]T�\ V c+S	sPb+T_^

ak = −2

8

∫

3

1

cos
πt

2
sen

kπt

4
dt,



f U S_m U c+\a^a\a�(T V `Wj�^]T�bZS	^]T_[	\a� V m
∫

sen px cos qx dx =
cos(p− q)x

2(q − p)
− cos(p + q)x

2(p + q)
,

XZ\
p 6= q

nWbZjPn,jPbZ[	\aj V T

ak =
2

π(4− k2)

(

sen
πk

4
+ sen

3πk

4

)

,
noT_b+T

k 6= 2.

>�^�[(T_XZjknoT_bqc+\a[ U ^]T_b k = 2
n U S	`WS�[(T_^a[ U ^]T_bZXZSY[	jPikj

a2 = −1

4

∫

3

1

sen
πt

2
cos

πt

2
dt = 0.


